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Integer representations
Computers store data as bits. Each bit can have one of two values: 0 or 1. A byte consists of 8 bits, so
it has 2° = 256 possible bit patterns.

A bit pattern does not tell us its meaning by itself. We also need to know how the bits should
be interpreted.

For example, the same eight bits can represent an unsigned integer or a signed integer. An unsigned
integer can be zero or positive. A signed integer can also be negative.

We will use 8-bit examples throughout this section. The same principles apply to larger groups of bits.

Unsigned integers

In ordinary decimal notation, the positions of the digits have weights of 1, 10, 100, and so on, starting
from the right.

In binary notation, the weights are powers of two:

Bit position7 6 |5 |4 |3/12/1|0
Weight 128|64|32|16|8|4|2|1

Bit positions are numbered from zero, starting on the right. Bit 7 is therefore the leftmost bit in a byte.
It is called the most significant bit, because it has the greatest weight in unsigned representation.

To find the value of an unsigned binary number, add the weights of the positions containing a 1.

Example: interpret the bit pattern 10011100.

Bits: 1 0 0 1 1 1 0 0
Weights: 128 64 32 16 8 4 2 1

Value = 128 + 16 + 8 + 4 = 156
The smallest unsigned 8-bit value is 00000000, which represents 0. The largest is 11111111:
128 + 64 + 32 + 16 + 8 + 4 + 2 + 1 = 255

Therefore, the range of an 8-bit unsigned integer is 0 to 255.

Programming-language names for integer types vary. A type called unsigned short int should
not be assumed to have 8 bits.

Converting a decimal integer to binary

To convert a non-negative decimal integer to binary, repeatedly divide it by 2. At each step, record
the integer quotient and the remainder.
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The remainder is always 0 or 1.

Example: convert 156 to binary.

Division|Integer quotientRemainder
156 + 2 |78 0
78 +2 |39 0
39+2 |19 1
19+2 |9 1
9+2 4 1
4 +2 2 0
2+2 1 0
1+2 |0 1

Stop when the quotient becomes zero. Read the remainders from bottom to top:
156 in decimal = 10011100 in binary
We can check the result using the positional weights:

128 + 16 + 8 + 4 = 156

Binary addition and the available number of bits

Binary addition follows rules similar to decimal addition. However, a binary digit can only be 0 or 1.
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In the last case, we write 0 in the current position and carry 1 to the next position on the left.

Example: add 182 and 109.

10110110 (182)
+ 01101101 (109)

100100011 (291)

The correct mathematical result needs 9 bits. It cannot fit in an unsigned 8-bit value.

If only the lowest 8 bits are retained, the stored pattern is:
00100011 (35)

This is an example of unsigned overflow: the mathematical result is outside the available range.
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Here, retaining only 8 bits gives 291 — 256 = 35. The extra bit on the left is called the carry-out.

Representing negative integers: sign and magnitude

How can we include negative numbers without adding a separate minus-sign character?
One possible approach is to reserve the leftmost bit for the sign:

¢ 0 means non-negative.
¢ 1 means negative.

The remaining seven bits store the magnitude, which is the absolute value of the number.
This method is called sign-magnitude representation.

Example: represent +5 and -5.

Sign  Magnitude
+5: 0 0000101
-5: 1 0000101

Seven magnitude bits can represent values from 0 to 127. Therefore, the signed range is =127 to
+127.

There are two bit patterns for zero:

00000000  (+0)
10000000  (-0)

The 256 bit patterns therefore represent only 255 different numerical values.

Sign-magnitude representation is easy to understand, but arithmetic requires special handling of the
signs and magnitudes.

For example, ordinary binary addition does not directly give the correct answer for =5 + 7:

10000101 (=5 in sign-magnitude representation)
+ 00000111 (+7)

10001100 (=12 in sign-magnitude representation)

The expected result is +2. To obtain it, an arithmetic procedure for sign-magnitude numbers must
take the signs into account and subtract the magnitudes.

Two's complement representation

A widely used alternative for signed integers is two's complement representation.

Its main advantage is that positive and negative integers can be added using the same binary
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addition procedure as unsigned integers.
Let us first see what bit pattern would make this possible.

We want:
-5+5 =0

When only 8 bits are retained, the value 256 becomes 0 because its binary representation needs a
ninth bit:

256 = 100000000 in binary
Lowest 8 bits: 00000000

Therefore, we can use the bit pattern for 256 — 5 = 251 to represent —5:

11111011 (251 when interpreted as unsigned)
+ 00000101 (5)

100000000

Retain 8 bits:
00000000 (0)

This is the key idea behind 8-bit two's complement representation.

For a negative integer —m, the unsigned value of its 8-bit two's complement pattern is
256 — m.

For this representation, m can range from 1 to 128. Positive integers and zero use their ordinary
binary patterns, with a leftmost bit of 0.

Encoding a negative integer

A convenient way to obtain the two's complement representation of a negative integer is:

1. Write its positive magnitude in binary, using the chosen number of bits.
2. Invert every bit: replace 0 with 1 and 1 with 0.
3. Add 1, keeping the chosen number of bits.

Example: encode -5 using 8 bits.

+5: 00000101
Invert all bits: 11111010
Add 1: 11111011

Therefore, =5 is represented by 11111011.

The number of bits matters. Always establish the width before applying this procedure.
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Interpreting a two's complement bit pattern

In 8-bit two's complement representation, the positional weights are:

Bit position 7 6 54 (3210
Weight -128|64(32|16/8|4|2|1

Only the weight of the leftmost bit differs from the unsigned case.
Consequently:

e If the leftmost bit is 0, the number is zero or positive.
e If the leftmost bit is 1, the number is negative.

However, the remaining seven bits do not represent the magnitude of a negative number.

Example: interpret 11111011.
-128 + 64 + 32 + 16 + 8 + 2 + 1 = -5

Another method is to read the entire pattern as an unsigned value. If the leftmost bit is 1, subtract
256:

Unsigned interpretation: 251
Two's complement interpretation: 251 - 256 = -5

The interpretation changes the value; the stored bits remain the same.

Range and important bit patterns

Bit pattern/Unsigned value Two's complement value
00000000 |0 0

00000001 |1 1

01111111 |127 127

10000000 |128 -128

11111011 |251 -5

11111111 |255 -1

The range of an 8-bit two's complement integer is —128 to +127.

There is only one representation of zero. The range contains one more negative value than positive
values.

In general, with n bits:

e Unsigned range: 0 to 2" — 1.
e Two's complement range: —2""to 2" - 1.
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Adding positive and negative integers

Example: calculate -5 + 7 using 8-bit two's complement representation.

11111011 (=5)
+ 00000111 (+7)

100000010
Retain the lowest 8 bits:
00000010 (+2)

The result is correct.

The carry-out is discarded in this fixed-width calculation. A carry-out does not, by itself, indicate
signhed overflow.

Two's complement makes addition convenient, but the result must still fit in the available signed
range.

Signed overflow

Signed overflow occurs when the mathematical result is outside the representable signed range.

For example, 100 and 60 both fit in an 8-bit signed integer, but their sum, 160, does not:

01100100 (+100)
+ 00111100 (+60)

10100000 (=96 when interpreted as two's complement)

Adding two positive numbers has produced a pattern representing a negative number. This indicates
signed overflow.

For two's complement addition, overflow occurs when:

e Two positive operands produce a negative result.
e Two negative operands produce a non-negative result.

Adding operands with opposite signs cannot cause signed overflow.

Notice that the example has no carry-out, yet signed overflow occurs. In the earlier example, =5 + 7
had a carry-out but no signed overflow.

Carry-out and signed overflow describe different conditions.

These examples describe fixed-width binary arithmetic. Programming languages may handle out-of-
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range calculations differently, so their rules must also be checked when writing a program.

Check your understanding

oUVhswWwNE

What range can an unsigned 8-bit integer represent?

Why does 8-bit sign-magnitude representation have two zeros?

Encode —12 using 8-bit two's complement representation.

Interpret 11110110 as an unsigned integer and as a two's complement integer.

Can +156 be represented as an 8-bit two's complement integer?

What happens when +127 and +1 are added using 8-bit two's complement arithmetic?

Answers

vk wh e

0 to 255.

The sign bit can be either 0 or 1 while all magnitude bits are zero.

+12 is 00001100. Inverting gives 11110011; adding 1 gives 11110100.

Unsigned: 246. Two's complement: 246 — 256 = -10.

No. The greatest positive value is +127. The unsigned pattern for 156, 10011100, represents
—100 when interpreted as two's complement.

The resulting pattern is 10000000, which represents —128. The mathematical result, +128, is
outside the range, so signed overflow occurs.
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